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Vector Perturbations in a Contracting Universe
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In this note we show that vector perturbations exhibit growing mode solutions in a contracting
Universe, such as the contracting phase of the Pre Big Bang or the Cyclic/Ekpyrotic models of the
Universe. This is not a gauge artifact and will in general lead to the breakdown of perturbation
theory – a severe problem that has to be addressed in any bouncing model. We also comment on the
possibility of explaining, by means of primordial vector perturbations, the existence of the observed
large scale magnetic fields. This is possible since they can be seeded by vorticity.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Perturbations in the early Universe are a well stud-
ied field [1, 2, 3], especially in 3 + 1 dimensions. It is
well known that vector perturbations (VP) only exhibit
decreasing solutions in the context of an expanding Uni-
verse, so most of the literature does not focus on them
at all [23]. In recent years a lot of effort has been de-
voted to studying alternatives to inflationary cosmology,
e.g. the Pre Big Bang scenario (PBB) (for recent reviews
see [6, 7]), or the Cyclic/Ekpyrotic model of the Universe
[8, 9, 10]. These works have focused on the scalar and
tensor metric perturbations. However, a common feature
in these scenarios is that the Universe contracts at early
times, followed by a not well understood bounce. Finally,
an expanding Friedmann Universe is reached. It seems
plausible that VP are increasing in a contracting back-
ground, so neglecting them totally, as is usually done in
these scenarios, might not be a good idea.
In this note we provide a simple argument as to why
VP do indeed grow in a contracting background. We
will show this in a 3+ 1 dimensional context where mat-
ter is modeled by an ideal fluid. That way our results
will be immediately applicable to the early stages of the
PBB scenario, where stringy corrections are unimportant
and an effective 3 + 1 dimensional theory is a good ap-
proximation. The application to the Cyclic or Ekpyrotic
models of the Universe is more complicated, since addi-
tional dimensions must be taken into account right from
the start [10]. We will also comment on the possibility to
seed the observed large scale magnetic fields [11, 12, 13]
from vorticities [14].
Our notational conventions are as follows: Latin in-
dices run from 1 to 3, Greek ones from 0 to 3. Unper-
turbed quantities carry a (0) on their left and perturba-
tions have a δ in front of them. A dot denotes a derivative
with respect to conformal time η.
II. BACKGROUND
We use a metric with negative signature, scale factor
a(η), conformal time η and, for simplicity, we consider a
flat Universe with metric
d s2 = a2d η2 − a2δijd xid xj . (1)
The matter content is modelled by an ideal fluid
(0)Tαβ = (ρ+ p)
(0)uα (0)uβ − pδαβ , (2)
where p is the fluid’s pressure, ρ its energy density, and
(0)uα its four velocity satisfying (0)uα (0)uα = 1 and given
in a comoving frame by ( (0)uα) = (a, 0, 0, 0). The unper-
turbed Einstein equations read
(0)Gαβ = κ
2 (0)Tαβ , (3)
where κ2 = 8piG/c2, so that
2
a¨
a
−
(
a˙
a
)2
= −κ2a2p , (4)
3
(
a˙
a
)2
= κ2a2ρ , (5)
yielding for p = wρ the well known relation ρ ∼ a−3(1+w).
III. VECTOR PERTURBATIONS
We will now write down the most general vector-like
metric perturbation of the given background and iden-
tify gauge invariant quantities. After going to Newto-
nian gauge, we can write down the perturbed Einstein
equations and solve them.
A. Metric
The most general perturbed metric including only VP
is given by [2]
(δgµν) = −a2
(
0 −Si
−Si F i,j + F j,i
)
, (6)
2where the vectors S and F are divergenceless, that is
Si,i = 0 and F
i
,i = 0. Under a gauge transformation a
perturbation δQ of a tensor Q transforms as
δQ→ LξQ (7)
where Lξ is the Lie derivative. So for
xµ → xµ + ξµ , (8)
(ξµ) =
(
0
ξi
)
, (9)
with ξi,i = 0 we can compute the change in the perturbed
metric tensor, yielding
δF i = −ξi , (10)
δSi = ξ˙i . (11)
A gauge invariant VP can now be defined as
σi = Si + F˙ i . (12)
In Newtonian gauge one demands F i = 0 so that σ coin-
cides with S. Note that there is no residual gauge free-
dom after going to Newtonian gauge.
B. Energy Momentum Tensor
The most general perturbation of the energy momen-
tum tensor including only VP is given by [1]
(δTαβ) =
(
0 −(ρ+ p)V i
(ρ+ p)(V i + Si) p(pii,j + pi
j
,i)
)
, (13)
where pii and V i are divergenceless. Furthermore V i is
related to the perturbation in the 4-velocity via
(δuµ) =
(
0
V i
a
)
. (14)
Gauge invariant quantities are given by
θi = V i − F˙ i (15)
and pii.
C. Einstein equations
We will work in Newtonian gauge where F i = 0, so
our variables are Si, V i and pii. Let us have a look at the
perturbed Einstein equations
δGαβ = κ
2δTαβ . (16)
After some algebra one gets the equations
− 1
2a2
△ Si = κ2(ρ+ p)V i , (17)
− 1
2a4
∂t
(
a2(Sj,i + S
i
,j)
)
= κ2p(pii,j + pi
j
,i) , (18)
where△ is the usual spatial Laplacian [24]. With (17) we
can relate each Fourier mode of the metric perturbation
Sik to the velocity perturbation V
i
k , that is
V ik =
1
2κ2a2(ρ+ p)
k2Sik . (19)
Note that only the combination (ρ+ p)V i appears in the
energy momentum tensor; therefore it is this combination
that could in principle be observable and may thus be
called physically relevant. Let us, for simplicity, assume
that the right hand side of equation (18) vanishes – this
will be the case if there is no anisotropic stress pii ≡ 0, or
if the Universe is dominated by pressureless dust p ≡ 0.
Then (18) yields for any Fourier mode Sik
∂t(a
2Sik) = 0 (20)
and thus
Sik =
Cik
a2
, (21)
where Cik is a constant. Combining (19) with (21), we
get for the perturbation of the four velocity
V ik =
k2
2κ2(ρ+ p)a2
Sik (22)
∼ k
2Cik
a1−3w
. (23)
Thus, in case that the Universe is dominated by dust with
w = 0, V ik is increasing if the scale factor a is decreasing.
On the other hand, V ik stays constant if the Universe
is dominated by radiation where w = 1/3. In contrast,
the metric perturbation Sik is always increasing, as long
as the scale factor decreases. This feature might be a
serious problem in a bouncing Universe as the growth of
the vector metric fluctuations may lead to a breakdown
of the validity of the perturbative analysis.
D. Example: Pre Pig Bang
Let us have a look at the PBB scenario as an exam-
ple for a bouncing Universe. In the low curvature PBB
regime, the dilaton dominates (w = 1) and yields the
background solution a ∼ √−η [6], such that, in the Ein-
stein frame [25],
σik = S
i
k ∼ 1/η . (24)
At this point, one might start to worry about the valid-
ity of the perturbative treatment, an issue occurring for
scalar metric perturbations in this scenario too. In that
case it can be alleviated by working in a gauge in which
all perturbations are at most logarithmically divergent
in the limit kη → 0, even though the gauge invariant
variables still diverge (see [6] or [16] for a more detailed
account).
3Here the situation is different: Since σi ∼ η−1 and
σi = Si + F˙ i either Si must carry the divergent term
(which would render the perturbative treatment invalid
at some point) or F˙ i. So lets go with the second pos-
sibility such that F i ∼ ln(η) which is tolerable. But if
we now recognize that θi ∼ a−(1−3w) ∼ a2 ∼ η on the
one hand and θi = V i − F˙ i on the other, we see that
V i has to cancel out the diverging term F˙ i ∼ η−1, and
thus V i ∼ η−1. So the situation is even worse since now
the VP of the energy momentum tensor becomes singular
near the bounce. Thus, in this example, the breakdown
of perturbation theory for vector metric perturbations
seems unavoidable.
One might wonder if this puts a new limit on the pos-
sible duration of the PBB phase. This is not the case,
since the gauge invariant scalar perturbations already
grow ∼ 1/η2 [6] in this setup.
We have seen that neglecting the VP is by no means
justified in a contracting background like in the PBB
scenario. If the scale factor a becomes small enough,
backreaktion and non-linear effects will play an impor-
tant role. A solution to this problem might be to avoid
any matter content that could exhibit VP, but this seems
to be rather artificial.
A more intriguing possibility to resolve this problem
lies in the violation of the null energy condition (NEC)
necessary to get a bounce. At some point ρ + p must
become negative and thus (ρ+p)V i reaches a finite value
which implies that Si has to be finite too. We expect the
violation of the NEC to be of importance only close to
the bounce and therefore the question of the validity of
the perturbative analysis remains open [26].
Vector perturbations, however, are not only an annoy-
ance one needs to get rid of, but they might very well help
to resolve some open cosmological problems, like the ex-
istence of large-scale magnetic fields, as we shall see in
the next section.
E. Possible observable consequences
Since metric perturbations are not directly observable,
we shall focus on the velocity perturbation V i defined in
(14), and assume that the diverging nature of the metric
perturbation itself at the bounce is resolved by some non-
perturbative mechanism. In order for the velocity per-
turbation to get excited, we need a matter source that
can exhibit it. The easiest toy model, a scalar field, will
obviously not do, but the next easiest thing, pressureless
dust, can have a velocity perturbation and it might even
be observable.
For example, let us assume that the pressureless dust is
composed of a two component cold plasma with different
masses, e.g. electrons and protons. Since mp ≫ me, we
will produce
vi
a
:=
1
2
(
δui(p) − δui(e)
)
6= 0 . (25)
Because of (23), the magnitude of vi will be increas-
ing until the Universe becomes radiation-dominated and
stays constant thereafter. Let us be optimistic and as-
sume that this vorticity contrast survives the bounce.
Then it should have the same magnitude during the
whole post big bang era until radiation decouples at a
redshift of about z ∼ 1000. Observations of the CMB
constrain the magnitude of vorticities to be less than
Ki := curl
(
v
a
)
3H
≤ 10−5 (26)
at this redshift [20], so we see that the value of vi in the
PBB phase is constrained by that too.
It has recently been shown that such a small initial vor-
ticity is capable of seeding large scale magnetic fields [14],
which are observed in Galaxies, Clusters, ISM etc. (see
[11, 12, 13] for comprehensive reviews). To be specific,
the authors of [14] considered a two-component plasma
with an initial Ki = 10−5 at z = 1000 and computed
the magnetic field to be between 10−26 and 10−27 G at
z = 100, large enough for a subsequent dynamo effect to
set in.
Here we have given one possible origin for the required
initial vorticity in the plasma [27]. One should be aware
that the issues of singularity resolution at the bounce (see
e.g. [21]) and the propagation of the fluctuations through
the bounce (see e.g. [22]) are subjects of an ongoing
debate, be it in the context of the PBB scenario or the
Cyclic/Ekpyrotic model of the Universe. Therefore, we
will postpone a more detailed analysis.
Nevertheless, we see that the study of VP in a bouncing
Universe might yield a novel mechanism to create mag-
netic fields [28] without invoking the necessity of break-
ing the conformal invariance of electromagnetism. This
is only one specific example of how vector perturbations
could lead to observable consequences.
One could also look for signals in the CMB – see [19]
for recent work in that direction.
IV. CONCLUSIONS
We have given a simple argument as to why vector per-
turbations are growing in a contracting Universe. Near
a bounce, it seems unavoidable that the metric pertur-
bations become non-perturbative in the limit a → 0, as
we saw in the case of the Pre Big Bang scenario. This
issue has to be addressed in any bouncing model of the
Universe. Simply neglecting the vector perturbations is
by no means justified.
But besides this annoyance, vector perturbations
might have produced observable imprints to the Universe.
One example is the possibility to explain the existence of
the large-scale magnetic fields that have been observed
[11, 12, 13], since these can get seeded by vorticities [14].
The details of this mechanism are model-dependent, e.g.
they depend on the nature of the bounce, and we leave
this topic to a future study.
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